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LETTER TO THE EDITOR

Metastable states in the solvable spin glass model

A J Bray and M A Moore
Department of Theoretical Physics, The University, Manchester, M13 9PL, England

Received 26 June 1981

Abstract. The solutions of the equations of Thouless, Anderson and Palmer represent
metastable states of the Sherrington-Kirkpatrick model of an Ising spin glass. A replica
symmetry breaking scheme of the Parisi kind is employed to enumerate their distribution
with free energy.

The characteristic non-ergodic behaviour of spin glasses arises from their large number
of metastable states. For the Sherrington-Kirkpatrick (1975) (sK) infinite-range model
of an Ising spin glass the metastable states are described by the solutions of the
Thouless—Anderson-Palmer equations (1977, referred to as TAP). We have previously
shown that there are a large number of these solutions (of order exp aN), where N is the
number of spins in the system, and that these solutions fall into two classes (Bray and
Moore 1980a, referred to as I). The first class contains those whose free energies kg Tf
exceed a critical value kg Tf.(T). Their properties and distribution with free energy are
readily evaluated (see I, also de Dominicis et al 1980, Tanaka and Edwards 1980). The
average number (N;(f)) of these metastable states of free energy kg7Tf is equal to the
extremum with respect to n of exp(nfN}Z") where (Z") is the bond-averaged nth
power of the partition function calculated within the two-group replica symmetry
breaking scheme (Bray and Moore 1980b). These metastable states are ‘uncorrelated’.
The second class of metastable states have free energies f <f.(T) and are correlated,
with the Edwards-Anderson order parameter a measure of the correlation between
them. Itisthe purpose of this note to show how such states can be handled by the means
of an extension of the Parisi symmetry breaking scheme (Parisi 1979).
The N TAP equations for the magnetisation m; of the ith spin are

Gi=th"'m;+B*(1—q)m;—B Y Jm;=0 €y
i
with their associated free energy (divided by NkgT)

HAmi}= _1% Z Jimim; -%32(1 _q)z

()
+ 5= F 0+ m) i+ m T+ (1= m) Infh1 = m)T) @

where X, means a sum over all distinct pairs, g =N ~'3S;m} and J;; is a random
exchange interaction with probability distribution

P(Jy) = (N/2m)"? exp(—NJ2/2). (3)
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The metastable states are the local minima of the free-energy functional f{m;}, which is
stationary for the {m,} that satisfy the TAP equations. These equations are thought to be
exact in the limit N - 0. The fact that many solutions of the TAP equations exist for
temperatures T less than T, (7. =1 in the units of equations (1)-(3)) suggests that the
free energy barriers which separate the various minima of f{m;} become infinite in the
thermodynamic limit, otherwise thermal fluctuations would mix and so destroy the
metastable states. The existence of such infinite barriers emerges clearly in the dynamic
calculations of Sompolinsky and Zippelius (1981). Because of these barriers the system
remains trapped forever in a particular metastable state. Hence, if one is interested in
constructing a theory to explain experiments (which for the sk model means Monte
Carlo simulations!) it is not always appropriate to evaluate equilibrium properties
derived in the usual way from the partition function Z. Such calculations invoke an
unrestricted trace over the spins $; and do not allow for the fact that the system is stuck
in a particular metastable state. The history of the system determines that metastable
state into which it settles. A particularly graphic example of the difference between the
equilibrium value of a quantity and its value for a given metastable state is provided by
the susceptibility y. The Monte Carlo work of Kirkpatrick and Sherrington (1978)
shows that y apparently vanishes as T - 0, whereas the equilibrium calculation of Parisi
gives y = 1 forall T < T.. The susceptibility determined in the Monte Carlo experiment
is essentially just the induced magnetisation of a given metastable state divided by the
small applied field 4. In the equilibrium calculation, application of the field 4, no matter
how small, induces a hop to the new distinct state of lowest free energy, which has a
magnetisation larger than that of the original state (Bray and Moore 1980c).

For a finite-range model of a spin glass, such as the Edwards—Anderson (1975)
model, we speculate that metastable states still exist at finite temperatures provided the
dimensionality of the system is greater than the lower critical dimension (L.cD), which is
generally supposed to be four (Fisch and Harris 1977, Reed et al 1978). Below the LcD,
metastable states really only exist at T =0, where they correspond to the various
minima of the Hamiltonian % = —X;, J;S:S;. We suspect that the infinite barriers
separating the minima melt away below the LCD, thereby preventing the existence of
finite temperature metastable states. The numerical work of Morgenstern and Binder
(1980) suggests that for two- and three-dimensional systems only uncorrelated
metastable states exist and so the critical energy coincides with the ground-state energy.

It is convenient to substitute for X; J;;m; from equation (1) in equation (2) to express f
as a sum of single-site terms:

f=NTEflm)=N" Y [-In2-3B°(1=¢*) +ameth ™ m;+3In(1-m})]. )

The density of solutions associated with a particular free energy f is, therefore,

1 1
NuN=N*[ da [ Tldme(Ng=F m?)e(Nf - fim)) [T 8(Goldet A s)
(4] -1 i i i i
where |det A| is the Jacobian normalising the delta functions:
aG; - -
Ay=——=[1=-m))7 + 1~ )16y~ pIy+OWN ). (6)
1

We want to calculate (In N;(f)) where the angular brackets denote an average over the
{Ji;}. This is because In Ni(f) is extensive, i.e. proportional to N, and so its average
should give results pertinent to a typical system (see I, also Bray and Moore 1981). To
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compute {In N,(f)) we shall use the replica method (Edwards and Anderson 1975), by
writing

(In Ni(f)) = lim n” (N (). (7

Introducing in equation (35) integral representations of the delta functions gives

Nip=N[ Taa | T2 [ 2™ q&e( fam,

—joo jo «a 27ri —joo L« 2 -1 he

exp( =N Y (AaGa + Uaf) +Z (Aot + thof (Mia) + Xiag (Mia)]

=B T Tyl + i) [T ldet A ) ®)
ifa

where g(m) = th'm+B*(1 —q)m. Because of the factor N the integrals over gq, A,
and u, will eventualily be performed by steepest descents with the result that g, =g,
As = A and u, = u. Therefore we shall drop the replica indices on these variables from
the outset. In it was shown that the error involved in bond-averaging the determinant
of A separately was negligible as N - o0 which allows the following replacement in
equation (8):

[Tdet ATy, mio} > explnNB*(1-g)} [T (1= mi) ™" )

Performing the averages over the J; results in

(NZ()= j e j T d’"‘; eXP(anB (1-q)°

—ijco fa 2‘7T1 -1 i, 1'—

—nN (A +uf) + Y, [Ami + uf (i) + Xiag(Mia)]

2

+8%g T ek + 325 (3 um)
A8 3 (eend 18 o)
(10)

We now introduce Hubbard-Statonovich variables V, to decouple the (Z; XiaMic)?
term, 74 and %5 to decouple the (2, xiuxis)(E; Miatm;e) terms and finally p.g and p¥s to
decouple the (T, x;,mip)(Z; mjux;z) terms, using variations on the identity

exp(%%a) (;)1/2%J_deexp( ;JZV2+aV).

The sites are decoupled after making these transformations which allows the integrals
over x;, and my, to be done separately, site by site. Then

(N2 () = Bxt] exp| AN (~Ag = uf - (1 - ) - 84%/287)

22’2 3 (nfanua+ o) <N In 1} (1)
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where

© dxa ! «
I=J. 1 x,J‘ I1 drm 5 exp{z(/\mi+uf(ma)+xa(th_1ma—Ama)
—i® a 277'1 -1 « 1—ma a

1,2 2 1
+ EB qxa) + 2 Z (nanaxB + n:xkﬁmamﬂ + 2pa,’3mzxxﬁ)}
a3

and V= - Bz(l —q)—A. Extindicates that an extremum is sought with respect to A, A,
4, U, Map, Mg and p,p, in other words the integrals over these variables have been
performed by steepest descents. (We have assumed that at the extremum p.z = pg. and
Ve.=V)

Provided f> f.(T) the off-diagonal terms n.s, N4z and p.s are zero at the stable
extremum (see I, Bray and Moore 1981). These terms, which are a measure of the
degree of correlation between different metastable states of the same free energy f
acquire non-zero values only for f < f.(T). If one assumes that 1, 75z and p.z do not
depend on the labels & and B3, then one recovers the ‘innocent replica’ treatment of de
Dominicis et al (1980), I and Roberts (1981). We suspect, however, that this replica
symmetric ansatz is unstable like the Sherrington-Kirkpatrick solution of the sk model
(de Almeida and Thouless 1978). In this note we explore the consequences of making a
Parisi replica symmetry breaking ansatz for the off-diagonal matrices.

We start by considering the perturbative calculation of {In Ni(f)) near T.. Set
t=1~T/T. and assume u, g, N, = O(t); A, 4, pap = O(+?) and nis= O(r%). Then

N"NIn Ni(f)) =1lim (nN)™" In{N3 ()) =D + OD

where

D=~aQ/B*—A*2B8%—u(f+In2+3iB*~Q%*/48H) +aQ —3uQ*+3A?~2aQ?
+3uQ®+5aQ+2aAQ - FuQ* - uAQ* - A’Q +3A* -0 Q*
-100AQ* + ¥ uQ +5uAQ +IA° G + a* Q% — auQ® + 342 Q%* + O

(12)
and
1 _
OD=2—’;(1—,8 220 +2A+5Q%)2 (¥ sNas +026)
1 I; 1 1%
—;(2a —uQ)(1-4Q)2 Nuppup —;OZ M 28008
1, N
3, 2 (PapPByPra T 3N apNayPya)
1
+T2—nz (UPn s — 8un’apas +4n e s+ 120 2a025) + O()). (13)

Here @ = A — A and Q = B°q. The prime in the summation indicates a free sum over the
replica labels with the diagonal terms excluded. We next parametrise each of the
matrices 7as, Nas and p.s according to the Parisi scheme (Parisi 1979), when the



Letter to the Editor L381
‘off-diagonal term’ OD becomes as n -0

1
OD = —}1-8?-20+24+50% j dx (n*(x)m(x)+p*(x))
1

+(2a—uQ)(1-4Q) J dx n{x)p(x)

0
1

+Q L dx n*(x)p(x)—3 J-Ol dx (xps(x) +3p(x) Lx dy pz(y))
- Ll dx (xn*()n@)p(x) +p(x) j dy n*(»)n(y)

+n<x)j0 dy n*()p () +n*(x) L dym(»e())

2

_P_J
12 Jg

—jo dx n(x)o%(x). (14)

1 1 1
dxn“(x>+%-uj0 dxn3(x>p<x)—%j dx n*(0)n*(x)
0

We now find the extremum of N ™ *{In Ni( ). This involves differentiating with respect
to @, Q, A, u and functionally differentiating with respect to n(x), n*(x) and p(x). It
proved impossible to solve analytically the resulting seven coupled nonlinear integral
equations, except for one special value of the free energy f( = fmin), Which turns out to be
that value of the free energy at which ({In N;(f)) =0, i.e. the lower ‘band-edge’. Then, to
the order in ¢ to which the calculation is valid,

q=t+1% A=2¢ u=—4t, 2a —uQ =47

n(x)=n(Dfx), n*(x) =n*(1)f (x), px)=p(1)f(x)
where

Flx)=2x, X<x=3 fx)=1,x>x

and n(1)=1, n*(1)=4¢> and p(1) = —2¢%. At the band-edge there exists only one
metastable state—the state of lowest free energy. Consequently, one would expect
then that Q = (1), since the meaning of these quantities is

Q =B{(m?)s) and n(1) = B*(m:)2)

where { ) means an average over solutions at the given free energy. Hence, if thereisa
value of f for which there is only one metastable state, Q should then equal (1) (which
in turn should be ,82 times the Edwards—-Anderson order parameter {(S)% and ( )¢
denotes the usual thermal average). To the order to which the above calculations are
valid this expectation is borne out. This should be contrasted with the result obtained at
the band-edge in the innocent replica approximation, namely n(1) = 0.3471¢+O(%),
Q =t+0(*) (I). That Parisi symmetry breaking apparently gives Q =n(1) at the
band-edge finally convinced us of its essential correctness.

We believe that x; decreases from its value of iat f = fmin down to zero at f = f(T)
(whose value is specified in I). Indeed, for values of f clese to f.(T) the off-diagonal
terms are small and a perturbation analysis of the equations becomes possible. One
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finds x; ¢ (f(T)—f). An interesting question is whether fy,i, coincides with the free
energy given by the direct Parisi approach to calculating the partition function Z. To
the order to which we have gone the answer seems to be yes, even though the value of x;
is quite different (x; in Parisi’s work only reaches 3at T =0, (Vannimenus et al 1981)).
Our value for g also apparently coincides with his g(1). We conclude from this that the
Parisi calculation gives the properties of the metastable state of lowest free energy at
any value of the temperature and it is only this metastable state which evolves all the
way down from T, to absolute zero.

The perturbative calculation can be readily extended to include the effects of a
uniform magnetic field A. Its effect is to modify the function f(x) below a value x, to a
constant f(x)=fo, where fo=2x0 and x5= 3(Bh)2/32t3. The new value of fui, is
consistent with Parisi’s solution as is the susceptibility (x = 1). This susceptibility is the
equilibrium susceptibility and should not be confused with the susceptibility of a given
state which is given by the relation y = 8(1—¢q).

It is possible, following Parisi (1979), to write down a differential equation whose
solution would permit the calculation of {(In N;(f)) for arbitrary temperature 7. We only
give the result, which was obtained by the method of Duplantier (1981)

N7n NJ(f)y=—Aq~uf —-A(1—q)+p(1)(1—q) - A*/28% + Rp(1)/B* - p(1)* /28>

1 )
+555j0 dx (n*(0)m(x) +p%(x)) +£(0, 0, 0)

where f(x, k1, h,) satisfies the differential equation

of 1dn[ *f <af)2] ldn*[azf (af)2] dp[ *f of af]
—=—c—latA ) | st o) o e
ox 2dx 6h1 6h1 2 dx ahz ahz dx ahlahz ah1 ahz
subject to the boundary condition

f(L, by, ho)=1n Z(hy, h2)

and

1
Z=p2@-m™* | 5

dm (_(th—lm—5m+h1)2
—m? P 20— n(1)

+(A —%n*(l))m2+uf(m)+mh2).

The parameters A, g, u, A and the functions n(x), n*(x) and p(x) are varied to make
(In N(f)) an extremum. These equations look intractable but it might be possible to
show that they coincide with the much simpler equations of Parisi when f = fi;,, where
we expect Q = n(1).

While there remain many interesting and unsolved topics in connection with the sk
model it does now seem valid to refer to it as the solvable model for the spin glass
transition.
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